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Bihamiltonian approach to the closed string model in the background
fields
V. D. Gershuna∗
aInstitute of Theoretical Physics, NSC Kharkov Institute of Physics and Technology,
P.O. Box 310108, 1 Akademicheskaya St., Kharkov, Ukraine
The closed string model in the background gravity field and the antisymmetric B-field is considered as the
bihamiltonian system in assumption,that string model is the integrable model for particular kind of the background
fields. It is shown, that bihamiltonity is origin of two types of the T-duality of the closed string models. The
dual nonlocal Poisson brackets, depending of the background fields and of their derivatives, are obtained. The
integrability condition is formulated as the compatibility of the bihamoltonity condition and the Jacobi identity
of the dual Poisson bracket. It is shown, that the dual brackets and dual hamiltonians can be obtained from
the canonical (PB) and from the initial hamiltonian by imposing of the second kind constraints on the initial
dynamical system, on the closed string model in the constant background fields, as example. The closed string
model in the constant background fields is considered without constraints, with the second kind constraints and
with first kind constraints as the B-chiral string. The two particles discrete closed string model is considered as
two relativistic particle system to show the difference between the Gupta-Bleuler method of the quantization with
the first kind constraints and the quantization of the Dirac bracket with the second kind constraints.
1. Introduction
The bihamiltonian approach [1–3] to the inte-
grable systems was initiated by Magri [4] for the
investigation of the integrability of the KdV equa-
tion. A finite dimensional dynamical system with
2N degrees of freedom xa, a = 1...2N is inte-
grable, if it is described by the set of the n inte-
grals of motion F1, ..Fn in involution under some
Poisson bracket (PB)
{Fi, Fk}PB = 0 (1)
The dynamical system is completely solvable, if
n = N . Any of the integral of motion (or any
linear combination of them) can be considered as
the hamiltonian
Hk := Fk (2)
The bihamiltonity condition has following form
x˙a =
dxa
dt
= {xa, H1}1 = ... = {x
a, HN}N (3)
∗gershun@kipt.kharkov.ua
The hierarchy of new (PB) is arose in this con-
nection.
{, }1, {, }2, ..{, }N (4)
The hierarchy of new dynamical systems is arose
under the new time coordinates tk.
dxa
dtn+k
= {xa, Hn}k+1 (5)
The new equations of motion are describe the new
dynamical systems, which are dual to the origi-
nal system, with the dual set of the integrals of
motion. The dual set of the integrals of motion
can be obtained from the original it by the mir-
ror transformations and by the contraction of the
integrals of motion algebra. The contraction of
the integral of motion algebra means, that the
dynamical system is belong to the orbits of corre-
sponding generators and is describe the invariant
subspace. The set of the commuting integrals of
motion is belong to Cartan subalgebra of this al-
gebra. Consequently, duality is property of the
integrable models. KdV equation is one of the
most interesting examples of the infinite dimen-
sional integrable mechanical systems with soliton
2solutions. We are considered the dynamical sys-
tems with constraints. In this case, first kind con-
straints are the generators of gauge the transfor-
mations and they are integrals of motion. First
kind constrains Fk(x
a) ≈ 0, k = 1, 2... form the
algebra of constraints under some (PB).
{Fi, Fk}PB = C
l
ikFl ≈ 0 (6)
The structure functions Clik may be functions of
the phase space coordinates in general case. The
second kind constraints fk(x
a) ≈ 0 are the rep-
resentations of the first kind constraints algebra.
The second kind constraints is defined by the con-
dition {fi, fk} = Cik 6= 0. The reversible ma-
trix Cik is not constraint and it is function of
phase space coordinates also. The second kind
constraints take part in deformation of the {, }PB
to the Dirac bracket {, }D. As rule, such defor-
mation leads to the nonlinear and to the nonlo-
cal brackets. First kind constraints are imposed
upon the vector states under the quantization:
Fk|Ψ >= 0. The same spectrum of the exci-
tations and of the wave functions are obtained
under the Gupta- Bleuer method of the quantiza-
tion. One-half of the second kind constraints can
be considered as first kind constraints and they
must be imposed upon vector states in Gupta-
Bleuer method of quantization. The (PB) is not
deformed to the Dirac bracket in this connection.
The bihamiltonity condition leads to the dual
(PB), which are nonlinear and nonlocal brackets
as rule. We suppose, that the dual brackets can
be obtained from the initial canonical bracket un-
der the imposition of the second kind constraints.
We make this conclusion from the consideration
of two dynamical models, closed string model in
the constant background fields and two particles
discrete closed string model, as examples. The
Gupta- Bleuer method of the quantization may be
more preferable in some case, if the dual bracket
is nonlocal. We have applied [5] bihamiltonity
approach to the investigation of the integrabil-
ity of the closed string model in the arbitrary
background gravity field and antisymmetric B-
field. The bihamiltonity condition and the Jacobi
identities for the dual brackets have considered
as the integrability condition for a closed string
model. They led to some restrictions on the back-
ground fields. The local dual (PB) of the similar
type have considered [6] in the application to the
hamiltonian hydrodynamical models. The (PB)
of the hydrodynamical type for the phase coordi-
nate functions ui(x, t) is defined by formula
{ui(x), uk(y)} = gik(u(x))∂xδ(x − y) (7)
+bikl (u(x))u
l
xδ(x − y)
There gik(u), bikl (u) are the arbitrary functions
of the phase space coordinates and ux = ∂xu.
The Jacobi identity is satisfied under the follow-
ing conditions:
1. Tensor gik is symmetric tensor and it is define
some metric on the phase space.
2. bikl (u) = −g
ijΓkjl(u) and connection Γ
k
jl is con-
sistent to metric gik and it has zero curvature and
zero torsion.
Therefore, there are such local coordinates, that
gik= const, bkjl = 0. This (PB) was used for de-
scription of the hamiltonian system of the hydro-
dynamical type. That is systems with function-
als of the hydrodynamical type. The density of
this functionals does not depend of the deriva-
tives ukx, u
k
xx, .. and hamiltonian is functional of
the hydrodynamical type also.
In opposite this models, the functionals of the
closed string model is depended of the derivatives
of the string coordinates. As result, we need to
introduce additional nonlocal term with the step
function ǫ(x−y) = 2∂−1x δ(x− y), which is the ori-
gin of the difficulty of the Jacobi identity proof.
The plan of the paper is following. In the second
section we are considered closed string model in
the arbitrary background gravity field and anti-
symmetric B-field as the bihamiltonian system.
We suppose, that this model is integrable model
for some configurations of the background fields.
The bihamiltonity condition and the Jacobi iden-
tities for the dual (PB) must be result to the inte-
grability condition, which is restrict the possible
configurations of the background fields. The well
known examples of the integrable gravity mod-
els with the gravity metric tensor, which is de-
pended of one or of two variables only. In this
paper we are assumed the metric dependence of
the arbitrary number of the variables for general-
ity and we did not analyzed the particular cases
of the metric dependence. In the third section we
3are considered three examples of the closed string
model in the constant background fields: with-
out constraints, with the second kind constraints
and the B-chiral string with the first kind con-
straints. In the four section we are considered
two particles discrete closed string model to show
the difference between the (PB) structure under
the Gupta-Bleuer method of the quantization and
under the quantization of the system with the sec-
ond kind constraints.
2. Closed string in the background fields
The closed string in the background gravity
field and the antisymmetric B-field is described
by first kind constraints
h1 =
1
2
gab(x)[pa − αBac(x)x
′c][pb − αBbd(x)x
′d]
+
1
2
gab(x)x
′ax
′b ≈ 0, h2 = pax
′a ≈ 0 (8)
where a, b = 0, 1, ...D − 1, xa(σ), pa(σ) are the
periodical functions on σ with the period on π
, α -arbitrary parameter. The original (PB) are
the symplectic (PB)
{xa(σ), pb(σ
′
)}1 = δ
a
b δ(σ − σ
′
) (9)
{xa, xb}1 = {pa, pb}1 = 0
The hamiltonian equations of motion of the closed
string, in the arbitrary background gravity field
and antisymmetric B-field under the hamiltonian
H1 =
pi∫
0
h1dσ and (PB) {, }1, are
x˙a = gab[pb − αBbcx
′c] (10)
p˙a = αBabg
bcp
′
c + [gab − α
2Bacg
cdBdb]x
′′b−
−
1
2
∂gbc
∂xa
pbpc − α
∂
∂xa
(Bbdg
dc)x
′bpc+
+α
∂
∂xb
(Badg
dc)x
′bpc−
−
1
2
∂
∂xa
[gbc − α
2Bbdg
deBeb]x
′bx
′c+
+
∂
∂xb
[gac − α
2Badg
deBec]x
′bx
′c
The dual (PB) are obtained from the bihamil-
tonity condition
x˙a = {xa,
pi∫
0
h1dσ
′
}1 = {x
a,
pi∫
0
h2dσ
′
}2 (11)
p˙a = {pa,
pi∫
0
h1dσ
′
}1 = {pa,
pi∫
0
h2dσ
′
}2
and they have following form
{A(σ), B(σ
′
)}2 = (12)
∂A
∂xa
∂B
∂xb
[[ωab(σ) + ωab(σ
′
)]ǫ(σ
′
− σ)+
[Φab(σ) + Φab(σ
′
)]
∂
∂σ
′
δ(σ
′
− σ)+
[Ωab(σ) + Ωab(σ
′
)]δ(σ
′
− σ)]+
∂A
∂pa
∂B
∂pb
[[ωab(σ) + ωab(σ
′
)]ǫ(σ
′
− σ)+
[Φab(σ) + Φab(σ
′
)]
∂
∂σ
′
δ(σ
′
− σ)+
[Ωab(σ) + Ωab(σ
′
)]δ(σ
′
− σ)]+
[
∂A
∂xa
∂B
∂pb
+
∂A
∂pb
∂B
∂xa
][[ωab (σ) + ω
a
b (σ
′
)]ǫ(σ
′
− σ)
+[Φab (σ) + Φ
a
b (σ
′
)]
∂
∂σ
′
δ(σ
′
− σ)]+
[
∂A
∂xa
∂B
∂pb
−
∂A
∂pb
∂B
∂xa
][Ωab (σ) + Ω
a
b (σ
′
)]δ(σ
′
− σ)
The arbitrary functions A,B, ω,Φ,Ω are the func-
tions of the xa(σ), pa(σ). The functions ω
ab, ωab,
Φab,Φab are the symmetric functions on a, b and
Ωab,Ωab are the antisymmetric functions to sat-
isfy the condition {A,B}2 = −{B,A}2. The
equations of motion under the hamiltonian H2 =
pi∫
0
h2(σ
′
)dσ
′
and (PB) {, }2 are
x˙a = −2ωabx
b + 4ωabpb + 2Φ
abp
′′
b− (13)
−2Φabx
′′b + 2Ωabx
′b − 2Ωabp
′
b+
pi∫
0
dσ
′
[ωabx
′a +
∂ωac
∂xb
x
′bpc +
∂ωac
∂pb
p
′
bpc]ǫ(σ
′
− σ)
+(
∂Φac
∂xb
x
′b +
∂Φac
∂pb
p
′
b)p
′
c−
4−(
∂Φac
∂xb
x
′b +
∂Φac
∂pb
p
′
b)x
′c
p˙a = −2ωabx
b − 2Φabx
′′b + 2Ωabx
′b+ (14)
+4ωbapb + 2Φ
b
ap
′′
b + 2Ω
b
ap
′
b +
pi∫
0
dσ
′
(ωabx
′b−
−
∂2ωcd
∂xa∂xb
x
′bpcpd −
∂ωbc
∂xa
pbp
′
c)ǫ(σ
′
− σ)
−(
∂Φac
∂xb
x
′b +
∂Φca
∂pb
p
′
b)x
′c+
+(
∂Φca
∂xb
x
′b +
∂Φca
∂pb
p
′
b)p
′
c
The bihamiltonity condition (11) is led to the two
constraints
−2ωabx
b + 4ωabpb + 2Φ
abp
′′
b− (15)
−2Φabx
′′b + 2Ωabx
′b − 2Ωabp
′
b+
pi∫
0
dσ
′
[ωabx
′a +
∂ωac
∂xb
x
′bpc +
∂ωac
∂pb
p
′
bpc]ǫ(σ
′
− σ)
+(
∂Φac
∂xb
x
′b +
∂Φac
∂pb
p
′
b)p
′
c−
−(
∂Φac
∂xb
x
′b +
∂Φac
∂pb
p
′
b)x
′c = gabpb − αg
abBbcx
′c
−2ωabx
b − 2Φabx
′′b + 2Ωabx
′b+ (16)
+4ωbapb + 2Φ
b
ap
′′
b + 2Ω
b
ap
′
b +
pi∫
0
dσ
′
(ωabx
′b−
−
∂2ωcd
∂xa∂xb
x
′bpcpd −
∂ωbc
∂xa
pbp
′
c)ǫ(σ
′
− σ)
−(
∂Φac
∂xb
x
′b +
∂Φca
∂pb
p
′
b)x
′c+
+(
∂Φca
∂xb
x
′b +
∂Φca
∂pb
p
′
b)p
′
c =
= αBabg
bcp
′
c + [gab − α
2Badg
dcBcb]x
′b−
−
1
2
∂gbc
∂xa
pbpc − α
∂
∂xa
(Bbdg
dc)x
′bpc+
+α
∂
∂xb
(Badg
dc)x
′bpc−
−
1
2
∂
∂xa
[gbc − α
2Bbdg
deBeb]x
′bx
′c+
∂
∂xb
[gac − α
2Badg
deBec]x
′bx
′c
In really, there is the list of the constraints de-
pending on the possible choice of the unknown
functions ω,Ω,Φ. In the general case, there are
as the first kind constraints as the second kind
constraints too. Also, it is possible to solve the
constraints equations as the equations for the def-
inition of the functions ω,Ω,Φ. We are considered
last possibility and we obtained the following con-
sistent solution of the bihamiltonity condition.
Φab = 0,Ωab = 0,Φab = 0, ω
ab = Cgab (17)
ωab =
C
2
∂2gcd
∂xa∂xb
pcpd, ω
a
b = −C
∂gac
∂xb
pc,
Φab = −
1
2
[gab − α
2Bacg
cdBdb],
Ωab =
1
2
(
∂Φbc
∂xa
−
∂Φac
∂xb
)x
′c−
−(
∂Ωcb
∂xa
−
∂Ωca
∂xb
)pc,
∂ωab
∂pc
= 0,
2Ωab = −αg
acBca,
∂gab
∂xc
xc = ngab, C =
1
2(n+ 2)
The metric tensor gab(x) is the homogeneous
function of xa order n and C is arbitrary constant.
In the difference of the (PB) of the hydrodynami-
cal type, we are needed to introduce the separate
(PB) for the coordinates of the Minkowski space
and for the momenta because, the gravity field is
not depend of the momenta. Although, this dif-
ference is vanished under the such constraint as
f(xa, pa) ≈ 0. One can see, that the main term
in the (PB) with the metric tensor is the term
with the step function ǫ(σ − σ
′
). The functions
ωba, Ωab are proportional to the connection and to
the torsion. The function ωab is proportional to
the curvature and the product of the connections.
The dual (PB) for the phase space coordinates are
{xa(σ), xb(σ
′
)}2 = [ω
ab(σ) + ωab(σ
′
)]ǫ(σ
′
− σ)
{pa(σ), pb(σ
′
)}2 = [ωab(σ) + ωab(σ
′
)]ǫ(σ
′
− σ)+
[Φab(σ) + Φab(σ
′
)]
∂
∂σ
′
δ(σ
′
− σ)+
[Ωab(σ) + Ωab(σ
′
)]δ(σ
′
− σ) (18)
5{xa(σ), pb(σ
′
)}2 = [ω
a
b (σ) + ω
a
b (σ
′
)]ǫ(σ
′
− σ)
+[Ωab (σ) + Ω
a
b (σ
′
)]δ(σ
′
− σ)
{pa(σ), x
b(σ
′
)}2 = [ω
a
b (σ) + ω
a
b (σ
′
)]ǫ(σ
′
− σ)
+[Ωab (σ) + Ω
a
b (σ
′
)]δ(σ
′
− σ)
The functions ωab(x), ωab(x),Φab(x),Ωab(x),
ωab (x),Ω
a
b (x) is defined in (17). It is rather easy
to prove the Jacobi identities for the local part
of the dual (PB) {, }2. It does not understand,
how to prove the Jacobi identities for the nonlo-
cal part of it. The principal term of the Jacobi
identities with the step functions only is the term
with the structure function ωab(x).
[
∂gab(σ)
∂xd
[gdc(σ) + gdc(σ
′′
)]− (19)
−
∂gac(σ)
∂xd
[gdb(σ) + gdb(σ
′
)]]ǫ(σ
′
− σ)ǫ(σ
′′
− σ)+
+[
∂gcb(σ)
∂xd
[gda(σ
′
) + gda(σ)]−
−
∂gab(σ)
∂xd
[gdc(σ
′
) + gdc(σ
′′
)]]ǫ(σ − σ
′
)ǫ(σ
′′
− σ
′
)+
[
∂gac(σ
′′
)
∂xd
[gdb(σ
′′
) + gdb(σ
′
)]−
∂gcb(σ
′′
)
∂xd
[gda(σ
′′
)
+gda(σ)]]ǫ(σ − σ
′′
)ǫ(σ
′
− σ
′′
) = 0
It is possible to reduce this condition to the
unique equation
[
∂gab(σ)
∂xd
[gdc(σ) + gdc(σ
′′
)]−
∂gac(σ)
∂xd
[gdb(σ)
+gdb(σ
′
)]]ǫ(σ
′
− σ)ǫ(σ
′′
− σ) = 0 (20)
One of the possible way of the solution of this
problem is the consideration of the metric tensor
on the phase space to count the contribution of
the structure functions Ω and Φ to this expres-
sion. The second possible way is the considera-
tion of the second kind constraints from the list of
the constraints (15),(17), instead of the solution
(17). It is necessary to introduce this constraints
to the initial model with the hamiltonian H1, the
(PB) {, }1 and to obtain the bihamiltonity con-
dition in this case. As we will see later on the
some examples, the second kind constraints of the
f(xa, pa) ≈ 0 type can lead to the nonlocal Dirac
bracket with the step function from the one side,
and they can introduce the dependence of the
metric tensor of the momenta on the solutions of
this constraints from the other side. At present,
this problems are under the consideration.
3. Constant background fields
The bihamiltonity condition (15),(17) is re-
duced to the following constraints on the phase
space
−2ωabx
b + 4ωabpb + 2Φ
abp
′′
b − 2Φ
a
bx
′′b+
+2Ωabx
′b = gabpb − αg
abBbcx
′c, Ωab = 0 (21)
−4ωabx
b − 2Φabx
′′b + 2Ωabx
′b + 4ωbapb+
+2Φbap
′′
b + 2Ω
b
ap
′
b = αBabg
bcp
′
c+
+[gab − α
2Bacg
cdBdb]x
′′b
There is the unique solution without constraints
ωab =
1
4
gab, 2Ωab = −αg
acBcb = αBbcg
ca,
−2Φab = gab − α
2Bacg
cdBdb (22)
The rest structure functions are equal zero. In
this section we are supplemented the bihamil-
tonity condition (11) by the mirror transforma-
tions of the integrals of motion.
x˙a = {xa,
pi∫
0
h1dσ
′
}1 = {x
a,
pi∫
0
±h2dσ
′
}±2 (23)
The dual (PB) are
{xa(σ), xb(σ
′
)}±2 = ±
1
2
gabǫ(σ
′
− σ) (24)
{xa(σ), pb(σ
′
)}±2 = ∓αg
acBcbδ(σ
′
− σ)
{pa(σ), pb(σ
′
)}±2 =
= ∓[gab − α
2Bacg
cdBdb]
∂
∂σ
′
δ(σ
′
− σ)
The dual dynamical system
x˙a = {xa,±H2}1 = {x
a, H1}±2 (25)
is the left(right) chiral string
x˙a = ±x
′a, p˙a = ±p
′
a (26)
6In the terms of the Virasoro operators
Lk =
1
4π
pi∫
0
(h1 + h2)e
ikσdσ (27)
L¯k =
1
4π
pi∫
0
(h1 − h2)e
ikσdσ
the first kind constraints form the V ir ⊕ V ir al-
gebra under the (PB) {, }1.
{Ln, Lm}1 = −i(n−m)Ln+m
{L¯n, L¯m}1 = −i(n−m)L¯n+m
{Ln, L¯m}1 = 0 (28)
The dual set of the integrals of motion is obtained
from initial it by the mirror transformations
H1 → ±H2, L0 → ±Lo, L¯0 → ∓L¯0, τ → σ (29)
and by the contraction of the first kind con-
straints algebra Ln = 0, or L¯n = 0, n 6= 0.
3.1. Second kind constraints
Another way to obtain the dual brackets is the
imposition of the second kind constraints on the
initial dynamical system, by such manner, that
Fi = Fk for i 6= k, i, k = 1, 2, ... on the constraints
surface f(xa, pa) = 0. Let us consider the closed
string model with Bab = 0 for simplicity.
h1 =
1
2
gabpapb +
1
2
gabx
′ax
′b,
h2 = pax
′a (30)
The constraints f
(−)
a (x, p) = pa − gabx
′b ≈ 0 or
f
(+)
a = pa+gabx
′b ≈ 0(do not simultaneously) are
the second kind constraints.
{f (±)a (σ), f
(±)
b (σ
′
)}1 = C
(±)
ab (σ − σ
′
) =
= ±2gab
∂
σ
′
δ(σ
′
− σ) (31)
The inverse matrix (C(±))−1 has following form
C(±)ab(σ − σ
′
) = ±
1
4
gabǫ(σ
′
− σ) (32)
There is only one set of the constraints, because
consistency condition
{f (±)(σ), H1}1 = f
′(±)(σ) ≈ 0, ...
{f (±)(n)(σ), H1}1 = f
(±)(n+1)(σ) ≈ 0 (33)
is not produce the new sets of constraints. By
using the standard definition of the Dirac bracket,
we are obtained following Dirac brackets for the
phase space coordinates.
{xa(σ), xb(σ
′
)}D = ±
1
4
gabǫ(σ
′
− σ), (34)
{pa(σ), pb(σ
′
)}D = ∓
1
2
gab
∂
σ
′
δ(σ
′
− σ),
{xa(σ), pb(σ
′
)}D =
1
2
δab δ(σ
′
− σ)
The equations of motion under the hamiltonians
H1 = h1, H2 = h2 and Dirac bracket
x˙a = {xa, H1}D = {x
a, H2}D = g
abpb = ±x
′a(35)
p˙a = {pa, H1}1 = {pa, H2}D = gabx
′b = ±p′a
are coincide on the constraints surface. The dual
brackets {, }±2 are coincide with the Dirac brack-
ets also. The contraction of the algebra of the
first kind constraints means that the integrals of
motion H1 = H2 are coincide on the constraints
surface too.
3.2. B-chiral string
Let us consider the following constraint from
the list (24)
ϕa = pa + βBabx
′b ≈ 0 (36)
The consistency condition
{ϕa, H1}1 = (α+ β)Babg
bcϕ
′
c+
+[gab − (α + β)
2Bacg
cdBdb]x
′′b ≈ 0 (37)
show, that under the additional condition on the
B-field
gab = (α+ β)
2Bacg
cdBdb, (38)
the constraints ϕa ≈ 0 are first kind constraints.
The motion equations are
x˙a = −(α+ β)gabBbcx
′c (39)
p˙a = −(α+ β)Babg
bcp
′
c, x¨
a = x
′′a
This model is the bihamiltonian model under
(PB) (26) also. The B-chiral string model is dual
to the chiral model also.
74. Two particles discrete string
In this section we are considered two particles
discrete closed string model, as two relativistic
particles model, to show the difference between
the Dirac brackets quantization and the Gupta-
Bleuer quantization methods. Two and three
pieces discrete string in Gupta-Bleuer method of
quantization was considered in the paper [7] and
it is described by the following constraints
h =
1
4
(p2 + q2) + ω20r
2 ≈ 0,
f1 = pq ≈ 0, f3 = qr ≈ 0, (40)
f2 = pr ≈ 0, f4 =
1
4
q2 − ω20r
2
This model is the two relativistic particles system
with the oscillator interaction. The constraints
(40) are two particles discrete analog of the Vira-
soro constraints and p, q, r are the collective vari-
ables pa = pa2 + p
a
1 ,q
a = pa2 − p
a
1 , r
a = xa2 − x
a
1 .
Under the hamiltonian H = h and the canonical
(PB) {ra, qb} = 2ηab, the constraints fi are the
second kind constraints.
{f1, f2} = 2p
2 6= 0, (41)
{f3, f4} = q
2 + 4ω20r
2 6= 0
The string coordinates are satisfied to following
Dirac brackets.
{ra, rb}D =
rbqa − raqb
q2 + ω20r
2
, {qa, qb}D = 4ω0{ra, rb},
{ra, qb}d = 2(ηab −
papb
p2
−−
qaqb + 4ω
2
0rarb
q2 + 4ω20r
2
)(42)
In the terms of the amplitudes a
(+)
a , aa of the
equations of motion solutions
ra = aae
iω0τ + a(+)a e
−iω0τ , (43)
qa = 2iω0(aae
iω0τ − a(+)a e
−iω0τ )
they have form
{ra, rb}D =
i(a
(+)
b aa − a
(+)
a ab)
2ω0a
(+)
k ak
,
{qa, qb}D = 2ω0{ra, rb}, (44)
{ra, qb}D = 2(ηab −
papb
p2
−
a
(+)
a ab + a
(+)
b aa
2a
(+)
k ak
)
This Dirac brackets is possible to solve in the
terms of the variables a, a(+).
{aa, a
(+)
b }D =
i
2ω0
(ηab −
papb
p2
−
ia
(+)
a ab
2ω0a
(+)
k ak
)(45)
The hamiltonian and the linear combinations of
the constraints f1, .f4 have following form.
H =
1
4
p2 + 4ω20a
(+)
k ak, (46)
f1 = pka
k, f2 = pka
(+)
k , f3 = aka
k, f4 = a
(+)
k a
(+)k
Under the quantization [, ] → i{, }D, ak, a
(+)
k →
operators ak, a
(+)
k , the commutation relation is
[ak, a
(+)
l ] = −
1
2ω0
(ηkl −
pkpl
p2
)+
+
1
2ω0
(a(+)iai)
−1a
(+)
k al (47)
Last term of the commutation relation has trans-
posed Lorentz indeces k, l. The wave function
|Ψn(p) >= a
(+)
k1
, a
(+)
k2
...a
(+)
kn
Ψk1k2...kn(p)|0 > (48)
of the physical states must to be the own function
of the hamiltonian H on the constraints surface.
Let us consider the two particles excited state, for
example.
H |Ψ2(p) >= (
1
4
p2 − 4ω20)Ψk1k2(p)a
(+)
k1
a
(+)
k2
|0 >(49)
+ terms, which are proportional to the expres-
sions
pk1Ψk1k2(p), η
k1k2Ψk1k2(p), a
(+)
l a
(+)lΨk1k2(p)
Consequently, we must to impose additional con-
ditions on the wave function pkΨkl = 0, η
klΨkl =
0 to satisfy the request about the own function.
Last term a
(+)
i a
(+)iΨkl is vanished on the con-
straints surface. In contrast to the nonlinear
and to the nonlocal Dirac bracket (45), we have
the canonical (PB) and two first kind constraints
pka
k ≈ 0,aka
k ≈ 0 in the Gupta-Bleuer method
of the quantization. The first kind constraints
H, f1, f3 are imposed on the vector states and
they are led to the following equations on the
wave function.
(p2 − 16ω20)Ψk1k2..kn(p) = 0, (50)
pkΨkk2..kn(p) = 0, η
klΨkl..kn(p) = 0
85. Relativistic particle in the constant elec-
tromagnetic field
The relativistic particle in the constant back-
ground electromagnetic field is described by the
Hamiltonian
H =
1
2
[(pa + iβBabxb)
2 +m2] (51)
The electromagnetic field is Aa(x) =
−2Fabxb=−Babxb. The simplest constraint from
(21) is
ϕa = pa + iαBabxb ≈ 0 (52)
The consistency condition
{ϕa, H} = iα(α + β)Babϕb (53)
shows that there is a unique set of constraints if
α+ β = 0. They are the second class constraints
{ϕa, ϕb} = 2iαBab. There is the following algebra
of the phase space coordinates under the Dirac
bracket
{xa, xb}D =
−i
2α
(B−1)ab, {xa, pb}D =
1
2
ηab
{pa, pb}D =
−iα
2
Bab (54)
The motion equation under the Dirac bracket
x˙a + 2iαBabxb = 0, p˙a + 2iαBabxb = 0 (55)
has the solution xa(τ) = {e
−2iαBτ}abxb(0). The
quantization of the Dirac bracket results in the
following commutation relations.
[xa, xb] =
1
2α
(B−1)ab, [pa, pb] =
α
2
Bab
[xa, pb] =
i
2
ηab (56)
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